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Abstract
M. Aouchiche and P. Hansen proposed the distance Laplacian and the distance
signless Laplacian of a connected graph [Two Laplacians for the distance matrix of a
graph, LAA 439 (2013) 21–33]. In this paper, we obtain three theorems on the sharp
upper bounds of the spectral radius of a nonnegative matrix, then apply these theorems
to signless Laplacian matrices and the distance signless Laplacian matrices to obtain
some sharp bounds on the spectral radius, respectively. We also proposed a known
result about the sharp bound of the signless Laplacian spectral radius has a defect.
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1 Introduction
Let G be a simple graph with vertices set V (G) = {v1, v2, . . . , vn}. Let di be the degree
of the vertex vi in G for i = 1, 2, . . . , n and satisfy d1 ≥ d2 ≥ · · · ≥ dn. Let A(G) = (aij)n×n
be the (0, 1)–adjacency matrix of G, where aij = 1 if vi and vj are adjacent and 0 otherwise,
and D(G) = diag(d1, d2, . . . , dn) be the degree diagonal matrix. Then Q(G) = D(G) +A(G)
is the signless Laplacian matrix of G.
The distance matrix D(G) of G is defined so that its (i, j)–entry, dij, is equal to dG(vi, vj)
which denotes the distance (the length of the shortest path) between vi and vj . Clearly, the
distance matrix of a connected graph is irreducible and symmetric. The eigenvalues of D(G)
are given as δ1(G) ≥ δ2(G) ≥ · · · ≥ δn(G), where δ1 is called the distance spectral radius of
G.
The transmission of vi is defined to be the sum of the distance from vi to all other
vertices in G, denoted by Di, that is, Di =
n∑
j=1
dij. The transmission is also called the first
distance degree [3]. Assume that the transmissions are ordered as D1 ≥ D2 ≥ · · · ≥ Dn. A
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connected graph G is said to be k–transmission regular if Di = k for all i ∈ {1, 2, . . . , n}. Let
Tr(G) = diag(D1,D2, . . . ,Dn) denote the diagonal matrix of its vertex transmissions.
M. Aouchiche and P. Hansen [1] introduced the Laplacian and the signless Laplacian for
the distance matrix of a connected graph. The matrix DL = Tr(G) − D(G) is called the
distance Laplacian of G, while the matrix DQ = Tr(G)+D(G) is called the distance signless
Laplacian of G.
Let G be a connected graph, then the matrix DQ = (qij) is symmetric, nonnegative and
irreducible. All the eigenvalues of DQ can be arranged as: δQ1 (G) ≥ δQ2 (G) ≥ · · · ≥ δQn (G).
δ
Q
1 (G) is called the distance signless Lplacian radius of G. As the DQ is irreducible, by
the Perron–Frobenius theorem, δQ1 (G) is positive, simple and there is a unique positive unit
eigenvector x corresponding to δQ1 (G), which is called the distance signless Perron vector of
G.
As usual, we denote by Kn the complete graph, by Cn the cycle, by Sn the star graph
and by Ka,n−a the complete bipartite graph. In [1], M. Aouchiche and P. Hansen give the
lower sharp bound as δQ1 (G) ≥ δQ1 (Kn) = 2n− 2.
In this paper, we obtain three theorems on the sharp upper bounds of the spectral radius
of a nonnegative matrix, and apply these theorems to the signless Laplacian matrix to get
the known results about the signless Laplacian spectral radius of graphs in Section 2. In
Section 3, we present some sharp bounds on the distance signless Laplacian spectral radius
of graphs.
2 Three theorems on the spectral radius of a nonneg-
ative matrix
In this section, we obtain three theorems on the sharp upper bounds of the spectral radius
of a nonnegative matrix. Then we apply these theorems to the signless Laplacian matrix and
obtain the known results about the signless Laplacian spectral radius of graphs. We also
proposed a known result about the sharp bound of the signless Laplacian spectral radius has
a defect.
Lemma 2.1. ([6]) If A is an n×n nonnegative matrix with the spectral radius λ(A) and row
sums r1, r2, . . . , rn, then min
1≤i≤n
ri ≤ λ(A) ≤ max
1≤i≤n
ri. Moreover, if A is irreducible, then one of
the equalities holds if and only if the row sums of A are all equal.
Theorem 2.2. Let A be an n × n nonnegative, irreducible and symmetric matrix with row
sums r1, r2, . . . , rn, where r1 ≥ r2 ≥ . . . ≥ rn, B = A +M where M = diag(r1, r2, . . . , rn),
and λ(A) (λ(B)) the largest eigenvalue of A (B). Then λ(B) ≤ λ(A) + r1 with equality if
and only if the row sums of A are all equal.
Proof. Let x = (x1, x2, . . . , xn)
T be the unit positive vector corresponding to λ(B), then
λ(B) = xTBx
= xT (A+M)x
= xTMx+ xTAx
=
n∑
i=1
x2i ri + x
TAx
2
≤
n∑
i=1
x2i r1 + x
TAx
≤ r1 + λ(A).
Moreover, when the equality holds, then the row sums of A are all equal by Lemma 2.1.
Conversely, when the row sums of A are all equal, then λ(B) = 2r1 and λ(A) = r1 by Lemma
2.1. The equality holds.
Let G be a simple and connected graph. Let A be the adjacency matrix of G and M be
the degree diagonal matrix of G. Then B = A+M is the signless Laplacian matrix of G. So
we can get the following corollary by Theorem 2.2.
Corollary 2.3. ([2], Lemma 9) Let G be a simple and connected graph on n vertices, λ1(G)
be the spectral radius of G, q1(G) be the signless Laplacian spectral radius of G and ∆ be the
maximum degree of G. Then q1(G) ≤ λ1(G) + ∆ with equality if and only if G is regular.
Definition 2.4. ([7]) Let (a) = (a1, a2, . . . , ar) and (b) = (b1, b2, . . . , bs) are nonincreasing
sequences of real numbers. Then (a) majorizes (b) if (a) and (b) satisfy the two conditions:
(1)
k∑
i=1
ai ≥
k∑
i=1
bi, where k = 1, 2, . . . ,min{r, s},
(2)
r∑
i=1
ai =
s∑
i=1
bi.
Lemma 2.5. ([8]) Let A be a positive semidefinite Hermitian matrix, λ1, λ2, . . . , λn be the
eigenvalues of A where λ1 ≥ λ2 ≥ · · · ≥ λn and a1, a2, . . . , an be the entries of the main
diagonal of A satisfying a1 ≥ a2 ≥ · · · ≥ an. Then the spectrum of A majorizes its main
diagonal, that is,
k∑
i=1
λi ≥
k∑
i=1
ai for k = 1, 2, . . . , n, and
n∑
i=1
λi =
n∑
i=1
ai.
Theorem 2.6. Let A = (aij) be an n×n nonnegative and irreducible matrix with aii = 0 for
i = 1, 2, . . . , n and row sums r1, r2, . . . , rn with r1 ≥ r2 ≥ . . . ≥ rn. Let B = A +M , where
M = diag(r1, r2, . . . , rn), si =
n∑
j=1
aijrj for any i ∈ {1, 2, . . . , n} and λ(B) be the spectral
radius of B. If B is a positive semidefinite Hermitian matrix, then
λ(B) ≤ max
1≤i,j≤n


ri+rj+
√
(ri−rj)2+
4sisj
rirj
2

,
with equality if and only if row sums of A are all equal.
Proof. Note that B = (bij), where bij =
{
ri, if i = j;
aij , if i 6= j, M
−1BM and B have the same
eigenvalue, let x = (x1, x2, . . . , xn) be a positive eigenvector of M
−1BM corresponding to
λ(B). We assume that one entry, say xi, is equal to 1 and the others are less than or equal
to 1, that is, xi = 1 and 0 < xk ≤ 1 for any k. Let xj = max{xk|1 ≤ k ≤ n and k 6= i}.
From M−1BMx = λ(B)x, we have
λ(B) = λ(B)xi =
n∑
k=1
bikrkxk
ri
≤ 1
ri
(r2i +xj
n∑
k=1
aikrk) = ri+
xjsi
ri
, (1)
with equality if and only if xk = xj for 1 ≤ k ≤ n and k 6= i, and
3
λ(B)xj =
n∑
k=1
bjkrkxk
rj
= rjxj+
1
rj
n∑
k=1
ajkrkxk ≤ rjxj+ 1rj
n∑
k=1
ajkrk = rjxj+
sj
rj
. (2)
with equality if and only if xk = xi = 1 for 1 ≤ k ≤ n and k 6= j.
From (1) and (2), we get
λ(B)−ri ≤ xjsiri , (3)
and
(λ(B)−rj)xj ≤ sjrj . (4)
Since B is a positive semidefinite Hermitian matrix, then λ(B) ≥ r1 by Lemma 2.5. Thus
λ(B)− ri ≥ 0 and λ(B)− rj ≥ 0. From (3) and (4), we get
λ2(B)− (ri + rj)λ(B) + rirj − sisjrirj ≤ 0.
Thus we have
λ(B) ≤
ri+rj+
√
(ri−rj)2+
4sisj
rirj
2
.
Moreover, we can see easily the equality holds if and only if row sums of A are all equal.
In [5], A.D. Maden et al. obtained the result about the sharp bound of the signless
Laplacian spectral radius of G as follows Proposition 2.7. There exists an error about the
condition of the equality holds.
Proposition 2.7. (Theorem 6 (b)) in [5] Let G be a simple and connected graph on n vertices
with degrees sequence {d1, d2, . . . , dn} which satisfies d1 ≥ d2 ≥ · · · ≥ dn and q1(G) be the
signless Laplacian spectal radius of G. Let si =
∑
vk∼vi
dk, where vertices vi and vk are adjacent,
for i ∈ {1, 2, . . . , n}. Then
q1(G) ≤ max
1≤i,j≤n


di+dj+
√
(di−dj)2+
4sisj
didj
2

,
with equality if and only if G is a regular graph and a bipartite semi–regular graph.
Example 2.1. The star graph Sn is a bipartite semi–regular with degree sequence {n −
1, 1, 1, . . . , 1} and s1 = n − 1, s2 = s3 = · · · = sn = 2n − 3. By Proposition 2.7, we have
q1(Sn) = max{n+
√
n2+4n−8
2
, 2n − 2} = 2n − 2. In fact, we know q1(Sn) = n for directly
calculation. It is a contradiction.
From the proof of Theorem 2.6, we can see the equality holds if and only if G is a regular
graph. We correct the error Proposition 2.7 in [5] as the following corollary.
Corollary 2.8. Let G be a simple and connected graph on n vertices with degrees sequence
{d1, d2, . . . , dn} which satisfies d1 ≥ d2 ≥ · · · ≥ dn and q1(G) be the signless Laplacian spectal
radius of G. Let si =
∑
vk∼vi
dk, where vertices vi and vk are adjacent, for i ∈ {1, 2, . . . , n}.
Then
q1(G) ≤ max
1≤i,j≤n


di+dj+
√
(di−dj)2+
4sisj
didj
2

,
with equality if and only if G is a regular graph.
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Theorem 2.9. Let A = (aij) be an n × n nonnegative matrix with row sums r1, r2, . . . , rn,
where r1 ≥ r2 ≥ . . . ≥ rn, M be the largest diagonal element, N be the largest non-diagonal
element and λ(A) be the spectral radius of A. Then for i = 1, 2, . . . , n,
λ(A) ≤ ri+M−N+
√
(ri+N−M)2+4(i−1)(r1−ri)N
2
. (5)
Moreover, if A is irreducible, when i = 1, then the equality holds if and only if the row
sums of A are all equal; when 2 ≤ i ≤ n, then the equality holds if and only if A satisfies the
following conditions:
(i) all = M for 1 ≤ l ≤ i− 1,
(ii) alk = N for 1 ≤ l, k ≤ n and l 6= k,
(iii) r1 = r2 = · · · = ri−1 ≥ ri = ri+1 = · · · = rn.
Proof. When i = 1 or r1 = ri, it is clearly that the inequality is true and the equality holds
if and only if the row sums of A are all equal by Lemma 2.1.
We suppose r1 > ri and 2 ≤ i ≤ n.
Let x =
M−ri+(2i−3)N+
√
(ri+N−M)2+4(i−1)(r1−ri)N
2(i−1)N . It is clear that x > 1.
Let xj =
{
x, 1 ≤ j ≤ i− 1;
1, i ≤ j ≤ n. Let U = diag(x1, x2, . . . , xn) be a diagonal matrix of size
n×n. Let B = U−1AU and note that B and A have the same eigenvalues, then λ(B) = λ(A).
Now we consider the row sums s1, s2, . . . , sn of matrix B.
For 1 ≤ l ≤ i− 1, we have
sl =
n∑
j=1
xj
xl
alj=
i−1∑
j=1
alj +
1
x
n∑
j=i
alj =
1
x
n∑
j=1
alj + (1− 1x)
i−1∑
j=1
alj =
1
x
rl + (1− 1x)
i−1∑
j=1
alj ,
and for i ≤ l ≤ n, we have
sl =
n∑
j=1
xj
xl
alj=
n∑
j=1
alj + (x− 1)
i−1∑
j=1
alj = rl + (x− 1)
i−1∑
j=1
alj .
Since A is a nonnegative matrix, then 0 ≤ aij ≤ N if i 6= j, where 1 ≤ i, j ≤ n. Thus
i−1∑
j=1
alj ≤M + (i− 2)N , where 1 ≤ l ≤ i− 1,
and
i−1∑
j=1
alj ≤ (i− 1)N , where i ≤ l ≤ n.
As x > 1 and r1 ≥ r2 ≥ · · · ≥ rn, then for 1 ≤ l ≤ i− 1,
sl ≤ 1xrl + (1− 1x)[M + (i− 2)N ]
= 1
x
(rl −M) +M + (1− 1x)(i− 2)N
≤ 1
x
(r1 −M) +M + (1− 1x)(i− 2)N ,
with equality if and only if (a) and (b) hold: (a) all = M and alj = N if 1 ≤ j ≤ i− 1 with
j 6= i, (b) r1 = rl.
For i ≤ l ≤ n, we have
sl ≤ rl + (x− 1)(i− 1)N ≤ ri + (x− 1)(i− 1)N ,
with equality if and only if (c) and (d) hold: (c) alj = N if 1 ≤ j ≤ i− 1, (d) ri = rl.
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Note that
1
x
(r1−M)+M+(1− 1x)(i−2)N = ri+(x−1)(i−1)N =
M+ri−N+
√
(ri+N−M)2+4(i−1)(r1−ri)N
2
,
thus
λ(A) = λ(B) ≤ max{s1, s2, . . . , sn} ≤ M+ri−N+
√
(ri+N−M)2+4(i−1)(r1−ri)N
2
.
When equality holds in (5), then (a) (b) hold for 1 ≤ l ≤ i− 1, (c) (d) hold for i ≤ l ≤ n.
Thus all = M for 1 ≤ l ≤ i − 1, r1 = r2 = · · · = ri−1 > ri = ri+1 = · · · = rn and all the
non-diagonal elements are equal. Now (i)− (iii) follow.
Conversely, if (i)− (iii) hold, it is easy to show that equality holds.
Similarly, we apply Theorem 2.9 to Q(G) = D(G) +A(G) and note that ri = 2di for any
i ∈ {1, 2, . . . , n}, M = d1 and N = 1. Then we have
Corollary 2.10. ([9], Theorem 3.2) Let G be a simple and connected graph with n vertices
and degrees sequence {d1, d2, . . . , dn} which satisfies d1 ≥ d2 ≥ · · · ≥ dn and q1(G) be the
signless Laplacian spectal radius of G. Then for i = 1, 2, . . . , n,
q1(G) ≤ 2di+d1−1+
√
(2di+1−d1)2+8(i−1)(d1−di)
2
.
Moreover, if i = 1, then the equality holds if and only if G is a regular graph; if 2 ≤ i ≤ n,
then the equality holds if and only if G is either a regular graph or a bidegreed graph in which
d1 = d2 = · · · = di−1 = n− 1 and di = di+1 = · · · = dn.
3 Bounds on distance signless Laplacian spectral radius
In this section, we present some sharp bounds on the distance signless Laplacian spectral
radius by the above theorems and lemmas in Section 2.
From Lemma 2.1, we can get the following result.
Theorem 3.1. Let G be a simple connected graph with n vertices and D1 and Dn be the
largest and least transmissions of G, respectively. Then Dn ≤ δ1(G) ≤ D1. Moreover, one of
the equalities holds if and only if G is a transmission regular graph.
Note that the ith row sum of DQ is ri = Di+
n∑
j=1
dij = 2Di, we get the following theorem.
Theorem 3.2. Let G be a simple connected graph with n vertices, D1 and Dn be the largest
and least transmissions of G, respectively. Then 2Dn ≤ δQ1 (G) ≤ 2D1. Moreover, one of the
equalities holds if and only if G is a transmission regular graph.
By Theorem 3.2, we show the largest distance signless Laplacian spectral radius of Kn,
Kn
2
,n
2
and Cn as follows.
δ
Q
1 (Kn) = 2(n− 1), δQ1 (Kn2 ,n2 ) = 3n− 4 and δ
Q
1 (Cn) =
{
n2−1
2
, if n is odd,
n2
2
, if n is even.
Lemma 3.3. ([1]) Let G be a connected graph on n ≥ 2. Then δQ1 (G) ≥ δQ1 (Kn) = 2(n− 1)
and δ
Q
i (G) ≥ δQi (Kn) = n− 2, for all 2 ≤ i ≤ n. Moreover, δQ2 (G) ≥ δQ2 (Kn) = n− 2 if and
only if G is the complete graph Kn.
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Theorem 3.4. Let G be a simple connected graph with n vertices, δ1(G) be the distance
spectral radius of G and D1 be the largest transmission of G. Then D1 ≤ δQ1 (G) ≤ δ1(G)+D1.
Moreover, δ
Q
1 (G) = δ1(G) +D1 if and only if G is a transmission regular graph.
Proof. Denote the spectrum of DQ by sp(DQ) = (δQ1 (G), δQ2 (G), . . . , δQ2 (G)) and the trans-
missions D1,D2, . . . ,Dn of G satisfy D1 ≥ D2 ≥ · · · ≥ Dn. Note that δQn (G) ≥ δQn (Kn) =
n− 2 ≥ 0 for n ≥ 2 by Lemma 3.3, then DQ is a positive semidefinite Hermitian matrix. By
Lemma 2.5, we have δQ1 (G) ≥ D1.
By Theorem 2.2, we directly get the δQ1 (G) ≤ δ1(G) + D1 with equality if and only if G
is a transmission regular graph.
Definition 3.5. ([3]) Let G be a simple connected graph with n vertices, a distance matrix
D = (dij) and the transmission sequence {D1,D2, . . . ,Dn} with D1 ≥ D2 ≥ · · · ≥ Dn. Then
the second distance degree of vi, denoted by Ti, is given by Ti =
n∑
i=1
dijDi.
We can easily obtain Theorems 3.6 and 3.7 from Theorems 2.6 and 2.9, respectively.
Theorem 3.6. Let G be a simple connected graph with n vertices, {D1,D2, · · · ,Dn} be the
transmission sequence of G with D1 ≥ D2 ≥ · · · ≥ Dn and T1, T2, . . . , Tn be the second
distance degree sequence of G. Then
δ
Q
1 (G) ≤ max
1≤i,j≤n


Di+Dj+
√
(Di−Dj)2+
4TiTj
DiDj
2

,
with equality if and only if G is a transmission regular graph.
Proof. Note that DQ = Tr(G)+D(G), apply Theorem 2.6 to DQ. Since ri = Di and Si = Ti
for i = 1, 2, . . . , n, we have the desired upper bound for δQ1 (G).
Theorem 3.7. Let G be a simple connected graph with n vertices, {D1,D2, . . . ,Dn} be the
transmission sequence of G with D1 ≥ D2 ≥ · · · ≥ Dn and d be the diameter of G. Then for
i = 1, 2, . . . , n,
δ
Q
1 (G) ≤ 2Di+D1−d+
√
(2Di+d−D1)2+8(i−1)(D1−Di)d
2
.
Moreover, if i = 1, the equality holds if and only if G is a transmission regular graph; and if
2 ≤ i ≤ n, the equality holds if and only if G ∼= Kn.
Proof. Apply Theorem 2.9 to DQ(G). Since M = D1, N = d and ri = 2Di for i = 1, 2, . . . , n,
we have the desired upper bound for δQ1 (G). If i = 1, the equality holds if and only if G is
a transmission regular graph; and if 2 ≤ i ≤ n, the equality holds if and only if G ∼= Kn by
the conditions (i)− (iii) in Theorem 2.9.
Theorem 3.8. Let G be a simple connected graph with n vertices, {D1,D2, . . . ,Dn} be the
transmission sequence of G with D1 ≥ D2 ≥ · · · ≥ Dn and {T1, T2, . . . , Tn} be the second
distance degree sequence of G. Then
min
{
Di + TiDi : 1 ≤ i ≤ n
}
≤ δQ1 (G) ≤ max
{
Di + TiDi : 1 ≤ i ≤ n
}
.
Moreover, any equality holds if and only if G has the same value Di + TiDi for all i.
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Proof. Note that DQ = (qij), while qij =
{ Di, if i = j;
dij, if i 6= j.
Then the (i, j)–entry of Tr(G)−1DQTr(G) is qijDjDi and the row sum of Tr(G)−1DQTr(G)
is
ri(Tr(G)
−1DQTr(G)) = Di + TiDi for i = 1, 2, . . . , n.
It is easy to show that Tr(G)−1DQTr(G) is a nonnegative and irreducible n× n matrix
with spectral radius δQ1 (G). By Lemma 2.1, the desired results hold.
Theorem 3.9. Let G be a simple connected graph with n vertices, {D1,D2, . . . ,Dn} be the
transmission sequence of G with D1 ≥ D2 ≥ · · · ≥ Dn and {T1, T2, . . . , Tn} be the second
distance degree sequence of G. Then
min
{√
2Ti + 2D2i : 1 ≤ i ≤ n
}
≤ δQ1 (G) ≤ max
{√
2Ti + 2D2i : 1 ≤ i ≤ n
}
.
Moreover, if (DQ)2 is irreducible, then each equality holds if and only if G has the same value
Ti + D2i for all i; and if (DQ)2 is reducible, then any equality holds if and only if there exist
the permutation matrix P such that
P TDQP =
[
Or DQ1
DQ2 On−r
]
,
and Dσ(1) = Dσ(2) = · · · = Dσ(r), Dσ(r+1) = Dσ(r+2) = · · · = Dσ(n), where σ is a permutation
on the set {1, 2, . . . , n} which corresponds to the permutation matrix P .
Proof. Since DQ = (qij), then ((DQ)2)ij =
n∑
k=1
qikqkj and the row sum of (DQ)2 is
ri((DQ)2) =
n∑
j=1
n∑
k=1
qikqkj =
n∑
k=1
qik
n∑
j=1
qkj = 2
n∑
k=1
qikDk = 2Ti + 2D2i .
Let x be the unit Perron vector corresponding to δQ1 (G). Then DQx = δQ1 (G)x and
(DQ)2x = (δQ1 (G))2x. By Lemma 2.1,
min {2Ti + 2D2i : 1 ≤ i ≤ n} ≤ (δQ1 (G))2 = δ1((DQ)2) ≤ max {2Ti + 2D2i : 1 ≤ i ≤ n}.
Thus min
{√
2Ti + 2D2i : 1 ≤ i ≤ n
}
≤ δQ1 (G) ≤ max
{√
2Ti + 2D2i : 1 ≤ i ≤ n
}
.
If (DQ)2 is irreducible, then we assume that G has the same value Ti+D2i for all i. Thus
min
{√
2Ti + 2D2i : 1 ≤ i ≤ n
}
= max
{√
2Ti + 2D2i : 1 ≤ i ≤ n
}
.
Both of the equalities hold.
Conversely, if one of the equalities holds, that is,
(δQ1 (G))
2 = min {2Ti + 2D2i : 1 ≤ i ≤ n} or (δQ1 (G))2 = min {2Ti + 2D2i : 1 ≤ i ≤ n},
by Lemma 2.1, the row sums of DQ, ri((DQ)2) = 2Ti + 2D2i , where 1 ≤ i ≤ n, are all equal.
Thus G has the same value Ti +D2i for all i.
If (DQ)2 is reducible, then any equality holds if and only if there exist the permutation
matrix P such that
P TDQP =
[
Or DQ1
DQ2 On−r
]
,
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and Dσ(1) = Dσ(2) = · · · = Dσ(r), Dσ(r+1) = Dσ(r+2) = · · · = Dσ(n), where σ is a permutation
on the set {1, 2, . . . , n} which corresponds to the permutation matrix P .
References
[1] M. Aouchiche, P. Hansen, Two Laplacians for the distance matrix of a graph, Linear
Algebra Appl. 439 (2013) 21–33.
[2] P. Hansen, C. Lucas, Bounds and conjectures for the signless Laplacian index of graphs,
Linear Algebra Appl. 432 (2010) 3319–3336.
[3] C.X. He, Y. Liu, Z.H. Zhao, Some new sharp bounds on the distance spectral radius of
graph, MATCH Commun. Math. Comput. Chem. 63 (2010) 783–788.
[4] G. Indulal, I. Gutman, On the distance spectra of some graphs, Math. Commun. 13
(2008) 123–131.
[5] A.D. Maden, K.C. Das, A.S. C¸evik, Sharp upper bounds on the spectral radius of the
signless Laplacian matrix of a graph, Appl. Math. Comput. 219 (2013) 5025–5032.
[6] H. Minc, Nonnegative Matrices, John Wiley and Sons Inc., New York, 1988.
[7] A.W. Marshall, I. Olkin, Inequalities: Theory of Majorization and Its Applications, Aca-
demic, New York, 1979.
[8] I. Schur, Uber eine Klasse von Mittelbildungen mit Anwendungen die Determinanten,
Sitzungsber. Berlin. Math. Gesellschafi 22 (1923) 9–20.
[9] G.L. Yu, Y.R. Wu, J.L. Shu, Sharp bounds on the signless Laplacian spectral radii of
graphs, Linear Algebra Appl. 434 (2011) 683–687.
9
